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PREFACE

Contributing to an understanding of cognitive learning by children and
youth—and improving related educational practices—is the goal of the

Wisconsin R & D Center. Activities of the Center stem from three research

and development programs, one of which, Processes and Programs of In-
struction, is directed toward the development of instructional programs
based on research on teaching and learning and on the evaluation of con-
cepts in subject fields. Since the inception of the Center in 1964,
Professor Van Engen and his staff have been concurrently developing and
testing ""Patterns in Arithmetic, " a televised instructional program for
Grades 1-6, and conducting related research in children's learning of
mathematical concepts.

To ascertain abilities of fourth~, fifth-, and sixth-grade children to
solve ratio and fraction problems, the authors of this Technical Report
constructed and administere pictorial and symbolic tests of both types
of problems. Low correlations ketween the two tests indicate that a dif-
ferent understanding is required for each; the authors suggest a number of
steps that may be taken to develop appropriate abilities in children.

Herbert J. Klausmeier
Director
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ABSTRACT

Six tests were constructed, four on a pictorial level and two on a
symbolic level. The tests were designed to measure the performarice
of fourth-, fifth-, and sixth-grade children, in three different ability
groups, on problems which may be classified as ratios or fractions.
Two variables were of interest in the four tests on a pictorial level:

(I) "equal' ratio situations vs. "equal'" fraction situations, and

(II) missing numerator vs. missing denominator. The two levels of

the two variables of interest defined the four tests: 1) ""equal" ratios
with a missing numerator, 2) '"equal" ratios with a missing denominator,
3) "equal" fractions with @ missing numerator and 4) "equal' fractions
with a missing denominator. All four tests involved reductions; e, .,
'2‘: 3 Variable (II) above defined the two tests on a symbolic level.

Two school systems participated in the study: Madison, Wisconsin,
and Janesville, Wisconsin. The data from each system were collected
independently by different experimenters and were analyzed independ-
ently. The following results were common to both school systems:

1) The ratio~denominator pictorial test was significantly easier
than the fraction-denominator piciorial test for the low and
middle ability levels in each grade.

2) The fraction-numerator pictorial test was significantly easier
than the fraction-denominator pictorial test for each ability
group in each grade.

3) The high ability children performed significantly better than
the low ability children on each of the four pictorial tests and
on the two symbolic tests.

4) The fifth and six graders performed significantly better than
the fourth graders on the four pictorial tests and on the two
symbolic tests.

5) Very low correlations exist between the scores on the sym=-
bolic test and the scores on the pictorial tests.

6) The fraction-denominator pictorial test was the most difficult
for each ability group in each grade.

xi




INTRODUCTION

It has been long recognized that one of the
major goals of mathematical curricula in the
elementary school is the acquisition of the
concepts of fractions and ratios. However,
this goal is not being reached by all children,
or even by a majority of children. Continual
critical evaluation of all phases of this major
goal, and indeed all goals of mathematical
curricula in the schools, must be carried on
to determine their effectiveness. This section
of the report will discuss the mathematical

and psychological point of view which inspired

the study and which will serve as a basis for
interpretation of the results.

MATHEMATICAL BACKGROUND
Fractions

The rational numbers of arithmetic may be
thought of as sets of equivalent fractions {17,
p. 316), where the fractions are ordered pairs
of whole numbers with the second component
not zero, and which obey the following condi-
tions (19, pp. 394—95):

a _¢ . s -
a) b~ d if and only if ad = bc
a_.c ad+bc
P) €3~ bd
a.,L& ac
) 523~ bd

Other authors reserve the name ''fractional
numbers'' for the above mentioned sets (13,
p. 199), where a fraction is the numeral that
names the fractional number (12, p. 97).
Equivalent fractions are just different names
for some fractional number. The only differ-
ence between the two approaches is a naming
process, for if a rational number of arithmetic
is taken to be a number which has a name of
the form € , where a and b are whole num-
bers and "b # 0 (14, p. 188), then a fractional

number is clearly to be considered as a rational

number of arithmetic. For the sake of exposi-
tion, the first point of view will be adopted.

From the definition of the equivalence (~)
of two fractions given above, it can be seen
that ~ is an equivalence relation. It is re-
flexive since ab = ab implies that

2.2 it is symmetric since a_.& implies
b~ b Y b~ g TP

c a . " . a c

~~ T it i ] =~

1~ B and it is transitive since b~ 4 and
c e a e

~ ~ = implies =~ —. It is well known that
qa~ g MP b~ £ fthe

such an equivalence relation partitions the
set on which it is defined into equivalence
sets (11, p. 8). If the original set is taken
tobe NXN#*= a/b: ae N, be N*, where
N is the set of natural numbers and N¥* is
the set of natural numbers without zero, then
~ partitions N X N* into equivalence sets.
Some of these sets are:

Lol 203 n

DA% g g nr o)
(2 .4 6 2n

11)‘{ ’6’ 9""’ 3n’ }
o 36 9 3n
iii) {8’ 16’24""’8n""}
. 0 0 0 90

iv) {1’2’3""’n""}

Addition and multiplication of fractions as
defined in (b) and (c) above give rise to well-

defined operations. That is, if

a.c ad+bc . a &

bed T pd ! and further if b~ .and

c g ad+cheh+th

A~ h’ then bd P f.n exa;nple
will clarify this statement. Take 5 and 30

1,2 1 1 2 2_6 -
2€B3~6’ > 4ancl3 9 - By the defini
. 2,6 42 .

tion, 4 S 9~ 36 It is easy to see that

i



1 42
6" 36
pattern. The usual properties of the operations
are theorems which can be proved.

The above exposition governs much of what
children are expected to know about fractions.
This study will be concerned with only the
equivalence sets, that is, the definition of the
equivalence of two fractions. In most elemen-
tary expositions, the equivalence sign is re-
placed by an equal sign, c¢ud the circles are
dropped from the two symbols & and ®, a con-
vention which will be followed in further dis-
cussions of fractions.

Multiplication follows the same

Ratios

Ratios are also taught in some form in the
upper elementary school. It is possible to
view ratios as forming a mathematical system
different from fractions (18). Let Z denote
the set of integers, and form X = {(a, b):
a,be Z}. The pairs (a,b) will denote ratios.
The following definitions will be accepted.

1) (a,b) = (c,d) if and only if a = ¢ and
b =d.

2) (a,b)®d(c,d)=(a +c, b+d).

3) If me Z, then m © (a,b) = (ma, mb).

Under these definitions, the following
theorems are true. The set of integers form
the universal set for the variables.

1) (a,b)® (c,d) = (c,d) D (a, b)

2) [(@,b)® (c,d)] ® (e, f) =
(a,b) ® [(c,d)® (e, f)]

3) (a,b)® (-a,-b) = (0, 0)
4) (a,b)® (0,0) = (a, b)

5) m® [(a,b)® (c,d)] =[m ® (a, b)]®[m O (c,d)]

6) (m+n)® (a,b) =m © (a,b)]d[n © (a, b)]
7) mO [nO (a,b)] = mn @ (a, b)

The set z X z along with definitions 1—3
and the theorems 1—7 show that ratios form a
two~dimensional vector space (16, p. 42).

In the elementary school, ratios usually
arise in problem situations similar to the fol-
lowing. '"If John walks 2 miles in 4 hours,
how many miles could he walk in 8 hours ?"
The proportion for this problem is
2 _Xx
4 S gy OF X= 4,
above for ratios would not allow the proportion
to be written. The concept ¢f a subspace,
however, may be utilized. Consider
L={m®(2,4): me Z}, This set is a sub~
space of the above vector space since:

The interpretation given

2

1) if myne Z;[m ® (2,4)]9[n © (2, 4)
=(m+n)O (2,4) and

2) if neZ, n® [m® (2,4)] = nm © (2, 4),
which shows that L is closed under
addition and scalar multiplication, and
hence is a subspace.

The problem cited now becomes a matter of
finding x so that (x,8)¢ L; thatis, (x,8)
is a member of the same subspace as (2, 4).
To do this, it is sufficient to find some k
such that k © (2, 4) = (x,8). From the defini-
tion of equality, 2k = x and 4k = 8, which
implies k =2, which in turn implies x = 4.
However, one need not go through all these
calculations in order to arrive at a solution,
since if (a,b) and (c,d) are in the same sub~
space, then ad = bc. To see this, just con-
sider k @ (a,b) = (c,d) which implies ak =c¢
and bk =d. Itis easy to see that bak = bc
and abk = ad, which means that ad = bc.
Starting with the statement ad = bc, it is

true that (a,b) and (c,d) are in the same
subspace. It is appropriate, then, to consider
two ratios (a, b) and (c, d) as being in the
same subspace if and only if ad = bc. In
symbols, (a,b)~ (c,d) if and only if ad =
bc, where '~'" may be interpreted as "in the
same linear subspace, ' which is an equivalence
relation.

From the point of view discussed above,
there is a similarity between ratios and frac-
tions. Just consider those ratios (x,y) where
x>0 and y> 0. Then, (a,b)~ (c,d) if
and only if ad = be. If (x,y) is interpreted
as a fraction, the concept of cross product
also may be employed. This study will be
concerned with ratios (a, b) which are in the
same linear subspace and are such that a > 0
and b >0, i.e., ratios which are "'equivalent."
In the study, the usual notation for ratios will
be employed.

Quotients

It is possible to approach the rational num=
bers of arithmetic from a third point of view.
If the solution to the equation ax = b is de-

. . b
fined as the quotient 20 where a and b

are whole numbers and a # 0, it is easy to
show that these quotients are isomorphic to
the rational numbers of arithmetic. Using

the quotient approach, the concept of equiv-
alent equations is sufficient to define two
equivalent fractions. That is, if ax = b, then
c(ax) = cb is an equivalent equation (a, b, and
c whole numbers), which implies

b cb

a ca

e e e e e A e R 5 g 7 Y 1 E



PSYCHOLOGICAL BACKGROUND

Piaget sees formal thinking as evolving
about at the age of 11 or 12 years (5, p. 1).
He gives quite a detailed exposition of pro-
portionality and its relationship to formal
thinking. An attempt will be made here to
summarize some of Inhelder and Piaget's work
on proportionality and to discuss in part the
mental structure by which Piaget characterizes
formal thought. The reason for such an expo-
sition will be clarified later when a synthesis
of mathematical, psychological, and curricular
considerations is attempted.

Inhelder and Piaget reported twelve apparently
representative interviews around which the de-
velopment of the proportionality schema is
traced and which they finally interpreted in
terms of what they called the INRC Group (5),
defined below. The experimental apparatus used
was a conventional beam balance along which
weights could be hung, with the intervals be=-
tween the hangers forming congruent segments.

Prior to concrete operational thought, chil-
dren react to a system of nonhorizontal equi-
librium* in a chaotic fashion. An example is
given by a recorded interview with a child
called Mic (4;6)%% (5, p. 166). In this inter-
view, the child was presented with the situa-
tion of two equal weights at distances of 14
and 9 units. When asked to make the beam
horizontal using weights, he continued to try
to balance the two unequal weights by using
his own action (e.g., using his hands to make
the beam horizontal). The authors interpreted
this phenomenon by conjecturing that the child
did not differentiate between the instrument
and his own actions (5, p. 167). He was
clearly at a pre-operational stage.

Children who are at the upper end of the
concrete operational stage come quite close
to achieving proportionality on the beam bal-
ance. An example was given by a child called
Fis (10;7). This child concluded that given
unequal weights, ''...you move up the heaviest
[5, p. 171]."" The authors were careful to note,
however, that Fis did not measure the length

even for the ratio 1 to 2 (5, p. 171). Using
A,, A,, ... torepresent an increasing sequence
of weights and 1,, L,, L3, ..., a decreasing

sequence of lengths corresponding to the
weights by subscripts, Piaget asserted that

Fis and children like him are ahkle to understand
that Al XL; =Az><Lz =A3XL3 =..., 0N a
qualitative pasis but not on a quantitative

“For example, a beam balance with two unequal
weights hung at equal distances.

B33

(4;6) means an age of 4 years and 6 months.

basis. It would be a mistake to think of the
sign "X" in Aj X Lj for each i as being a sign
indicating multiplication of real numbers, or
the equality sign as representing equality in
the usual sense. The sign "X'" may be inter-
preted as a logical multiplication (5, p. 172).
The equality sign can be interpreted to mean
"in horizontal equilibrium.'" These qualitative
operations are inadequate to establish the law
of proportionality (5, p. 172). They do, how-
ever, allow some correct conclusions, but
without a metrical interpretation (5, p. 172).

It must be stressed that Piaget felt the above
compensations took place without metrical
consideration, only on a qualitative plane even
though the children were capable of quantifying
weights and distance (5, p. 172).

Children who are at the formal level of
thinking are capable of the same qualitative
logic in the case of the beam balance as are
children at the upper end of the concrete op~
erational level. The children capable of formal
operations, however, also pay attention to the
metrical relationships involved, as is evidenced
by the interviews cited. They not only know
that a decrease in weight may be compensated
by an increase in length, but they are able to
reason, using numbers, how much increase in
length is needed to compensate for a certain
decrease in weight.

The reason children at the formal level of
operational thinking are capable of understand-
ing mathematical proportions may be explained
by the INRC group (5, pp. 176—181). To ex-
plain this group, it is sufficient to let p and
g be any statements with the principle of
duality applying to p and p, A (and) and v
(or).

a) I(p Aq)=pP AQ
b) N(pAa)=Pva
c) RleAaq)=pAq
d) C(p Aq)=pv q

The transformations I, N, R, and C then form
a group with four elements (16, p. 27).
Piaget's asserts that the way this group is
defined is equivalent to the logical proportion

P_Ad pVgqg
tion apparently is to be interpreted as follows.
Let a, B, vy and & be any statements. Then
(letting "'="" mean logical equivalence of state-

ments) if

This propor-

1) an6=8AY
2) avdé=fvy
3) aAB=yADS and aA B =y AS




4) a/\&:ﬁ/\g and ;/\y=6/\6

are all true, ’;!:% (5, p. 315). These four

conditions are satisfied by the proportion

.g //:g = .g :;.g . Making the appropriate sub-
stitutions, it is easy to observe that under
Ilprg) _CloArq)
RpAq) N(pAaq)

If p and q are considered, it is apparent
that -Ié = -% is a logical proportion. If the

definitions (5, pp. 315, 316, 320)

the definitions,

1) I{p) =p
2) N(p) =p
3) R(p) =1
4) C(p) =4

are made, it is still true that the same relation-
ship holds between I, N, R, and C and the logi-

cal proportionality g == as held previously.

yollflel

If p is interpreted as meaning a fixed increase
in weight and q as a fixed increase in distance,

then-§ =-% may be interpreted as follows. An

increase in weight is to an increase in distance
as a decrease in distance is to a decrease in
weight. Since p A @ = R(P A q), the notion of a
reciprocal logical proportion may be introduced as

D
-g = R(-(-_I-) (5, p. 179). If w represents a

weight and L a length, nw and nL the usual
multiplication of numbers, then-g =R (%) is

nw W= nhn
i 11 === T 5 . 180).
isomorphic to ") L +n (5, p )

Piaget stated,

Before introducing numbers as measure-
ments for weight and distance, the subject
usually begins by assuming:

PAG=R(PAaqg)

(increasing the weight and reducing the
distance on one of the arms is the same as
reducing the weight and increasing the
distance on the other arm). However, [the
above]* proposition is none other than the
proportion BPI- = R (—%)] * .. which leads

to the metrical proportion (5, p. 180).

3
Referred to in the original source by number.

Piaget further elaborated this point.

Actually, whenever a system of proportions
comes into play, before the subject arrives
at the calculation of numerical relations, he
isolates an anticipatory schema for quali-
tative proportionality. Second, this schema,
simply a logical one at first, leads ata
later point to the discovery of metrical pro=
portions [5, pp. 315=316].

For the case of the balance beam discussed
above, Piaget stated,

. in the balance problem the subject first
discovers that a given increase in weight
can be compensated by a proportional in-
crease in the distance from the central axis:
in placing a light weight at a great distance
and a heavy weight at a small distance, he
reaches equilibrium and concludes that the
four values have a proportional relationship.
But, at first, the compensation as well as
the proportion are exclusively qualitative.
If we let p stand for the statement of an
increase in weight and g an increase in
distance, and P and @ the corresponding
decreases, the subject begins by concep-
tualizing simply the following links:

p = Rg and % =%, from whence p* p =

g-q and pvpP=qvq; i.e., that the
increase in weight is to the corresponding
decrease in distance as an increase in
distance is to the corresponding decrease
in weight (still independently of any
measurement).

The qualitative schema which serves as
a starting point for the subject in the dis-
covery of proportionality seems to be of
this type. Essentially, it is based on the
reciprocity of weights and distances which
the experiment suggests to him: the in-
crease in weight can be canceled by taking
away the added weight (Np = p, but itis
equally possible to compensate this in-
crease by reducing the distance (p = Rq or
Rp = @). When this is done, the preceding
proportion can also be written:

—g- = R(-%) , from whence p* q = R(P* q).
The subject's reasoning usually appears in
this latter form: increasing the weight and
reducing the distance (p* @) is equivalent

to (R = compensates) decreasing the weight
and increasing the distance.

Once these two schemata have been ac-
quired, the subject can at a later point in~
sert the numerical values which are furnished
by his measurements [5, pp. 316=~317].




One could attempt to criticize Inhelder and

Piaget in the beam balance experiment on the
grounds that the concept of equilibrium may

be

impeding the concept of proportionality.

However, these authors have observed the
same developmental levels in the case of pro-
portionality in such diverse areas as space,
speed, probabilities, etc. (5, p. 314). More-
over, "... the general equilibrium schema is
not organized before the level of formal opera-
tions [5, p. 319]."

Lovell has conducted a followup study of

Inhelder and Piaget's work on formal thinking
(7). He repeated 10 of the 15 experiments
reported by Inhelder and Piaget, of which one
is described, in part, above. Lovell concluded
that

on

The main stages in the development of
logical thinking proposed by Inhelder and
Piaget have been confirmed. It seems that
the authors are correct in suggesting that

it is only rarely that average to bright junior
school children reach the stage of formal
thinking. ... the least able of the secondary
modern and comprehensive school pupils
certainly remain at a low level of logical
thought even at 15 years of age, and many
of these do not seem to pass beyond the

IIA - IIB stage of thinking.

The majority of our protocols show much
the same kind of reasoning as those of
Inhelder and Piaget, and support many of
their statements. For example, the authors
maintain that, at the level of formal thought,
the child comes to the Projection of Shadows
experiment assuming proportionality from
the start [7, p. 149].

Lovell discussed the effect of instruction
the results of these experiments.

Teaching, in the sense of instruction, does
not seem to have affected the results as
much as had been expected.

We have protocols indicating that a
particular experiment had been 'taught' in
science lessons and yet the subjects were
quite unable to reach the stage of formal
thinking when they were given the experi-
ment in this study [7, p. 150].

Lunzer performed a study in which he seri-

ously tested Piaget's interpretation of formal

reasoning.

Not all of this study will be dis-

cussed, but only that phase which relates to
proportionality. Lunzer stated, "Equally
questionable, to my mind, is Piaget's attempt

self-evident [8, p. 30]." After Lunzer went
through a quotation from Inhelder and Piaget
which related the INRC Group to a logical
proportion, already done here, he stated
further, ''There is nothing in this to justify the
introduction: of numerical multiplication and
division. It is true they both apply, but the
mathematical statement in terms of proportion-
ality is not a mere equivalent to the logical
statement of reciprocity [8, p. 31]." Instead
of merely criticizing, however, Lunzer, in the
true light of a researcher seeking the truth,
tested his own criticisms. He was not only
seeking to relate logical proportion to mathe-
matical proportion, but also '"... asking
whether Piaget is justified in postulating the
existence of two successive levels in the
development of logical reasoning or, whether,
when the child has achieved the level of concrete
reasoning and is, therefore, capable of argu-
ment in terms of fixed... terms, his reasoning
is ipso facto logical....'" (8, p. 31).

In view of the above points, he constructed
two types of tests, 1) verbal analogies aad
2) numerical items. The test of verbal analo~
gies included four subtests, which are cut-
lined below (a, b, and c represent words, and
x and y represent three or four words, one of
which was to be selected by the subject).

A. a isto b as c isto x.
B. Same as A, with more difficult content.

C. a isto b as x isto y or x is to
y as a isto bh.

D. a isto x as y isto b or x is to
a as b isto y[8, pp. 32, 33].
The hypotheses were: (8, pp. 33—34)
a) Group A analogies demanded only con-

crete reasoning, and would be easier
than the others.

b) Group D analogies would be most
difficult of all.

c) Group C analogies would require some
formal qualities of reasoning.

d) Group B analogies would fall between
Groups C and D in difficulty.

The difficulties of the four groups of items
were as predicted. The subjects ranged from
9 to 17%F years of age and were of above aver-
age intelligence (8, p. 36). In conclusion,
Lunzer stated,

We are forced to conclude that the ele~
mentary analogies of group A represent

to identify the schema of proportionality with
the four-group by accepting quantification as
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something more than mere concrete reason-=
ing. Indeed, the steep rise that occurs after
the age of 10 strongly suggests that these
problems involve a type of reasoning, that
is, formal reasoning, that is not present at
the earlier level and is only elaborated at
about the age of 11 [8, p. 38].

Thus, an analogy of the form, leather is
to shoe as wool is to cardigan, necessarily
involves three relations: one between the
first two terms, a second between the
second pair of terms, and, finally, a third
(of identity) between the first two relations.
In point of fact, the logical structures of
such a system exactly parallels that of a
statement of proportionality [8, pp. 40, 41].

This statement leads directly into a considera-
tion of his numerical test, which consisted of
two parts, (a) numerical analogies and (b) nu~-
merical series. Some of the analogies involved
addition and/or subtraction of a constant
term(s), items involving addition and/or sub-
traction involving multiplication and items in-
volving multiplication of a constant term. Both
parts (a) and (b) showed a "... general ten-
dency of percentage scores to increase with
age, with the sharpest rise occurring between
9 and 11 [8, p. 38]." He then stated,
"Analogies, whether verbal or numerical, de-
mand a more complex process of reasoning than
is available at the concrete level ... [8, p.
39]." As a concluding remark, he stated,
"The main conclusion seemed to be that both
verbal and numerical analogies required the
application of formal reasoning in the sense
that the subject needed to establish second
order relations [8, p. 43]."

Lovell and Butterworth (6) have performed
a principal component factor an~nlysis on a set
of 20 tasks (not all of which involved propor-
tion) to test the following hypotheses:

a) The schema of proportionality depends
on some central intellective ability which
underpins performance on all tasks involv~-
ing proportion.

b) In addition to some central intellective
ability, specific abilities contribute to the
ability to use proportionality in particular
tasks.

¢) Tasks involving ratio will depend less
on the ability indicated under (a) than in
the case of the tasks involving proportion
(6, p. 2).

Many of Lovell and Butterworth's items
seemed to be quite similar to those of Lunzer's.
For example, verbal and numerical analogies

were included. Average and above average
pupils from 9 to 15 years of age for a total of
60 pupils were included in the study. As a
conclusion, the authors stated,

As already indicated, there is a central
intellective ability which underpins per-
formance on these tasks thus confirming
our first hypothesis.... the presence of
the bipolar components must be clearly
recognized. Their presence confirms our
second hypothesis, and they support the
now known fact that the schema of propor-
tion and the schema of ratio are not avail-
able in all situations and tasks at the same
time. As Lunzer has pointed out, content
and the nature of the apparatus, as well as
structure are important in situations where
formal thought is required. Tasks which
require the schema of ratio only have, over-
all, lower loadings on the first general
component than the tasks involving propor-
tion. ... Our third hypothesis is thus gen-
erally confirmed [6, p. 4].

One final remark made by these authors is of
interest for this study. "It is not until 14
years of age in these pupils that 18 out of a
possible 72 responses are at or near the level
of formal operational thought, while even at
15 years of age the number was still a little
under 50 percent [6, p. 3]."

Lunzer and Pumfrey have conducted a study
on proportionality using 80 children in an age
range of 6 to 15 years (9). These children
were questioned on each of three situations
purportedly designed to measure proportional
reasoning. These were (9, p. 10),

(1) Cuisenaire material, (2) A pantograph, and
(3) A balance. The results were summarized
as follows:

(1) Older children are more successful than
younger children. Differences in intelli-
gence also played some part in the success
of children.

(2) The cuisenaire apparatus was found to

be much easier than the other two situations.
The pantograph was considerably easier

than the balance.

(3) Even though many children were suc-
cessful in making predictions for the rods
and the pantograph, these very rarely in-
volved them in proportionality reasoning.

(4) Among older subjects, there were many
more instances of proportional reasoning
in the balance situation than in the other
two, and more in the pantograph than the
rods.



(5) No children were able to give an ade-
quate explanation of the law of moments in
the case of the balance situation. Those
who solved the proportionality problems
reasoned quite mechanically [9, p. 10—~11].

CURRICULAR BACKGROUND

As noted in the section on psychological
background, Piaget and Inhelder postulate that
formal thinking does not emerge until about 12
vears of age. One thing these authors consider
as evidence of formal thinking is the ability of
children to work successfully in situations
involving proportionality. Studies were re-
viewed which were conducted by Lovell, Lunzer,
and Lunzer and Pumfrey which may be taken as
corroboration of Piaget and Inhelder's position.
These studies justify asking the following basic
questions.

1. If the schema of proportionality depends on
some central intellective ability generally
not present in children less than 12 years
of age, how will fourth, fifth, and sixth
grade children perform on tests constructed
to measure the ability to construct and
solve proportionalities ?

2. Since children are not equally successful
with respect to all physical embodiments
when working with proportionality, are
fourth, fifth, and sixth grade children
equally successful when working with
proportionality situations amenable to an
equal ratio interpretation and an equal
fraction interpretation ? Are they equally
successful when working with proportion=-
alities which are instances of the state-
ments

fos}

a)ﬁ% ='}é and b) '?1—
3, Is there a difference in the performance
of fourth, fifth, and sixth grade children
at differing levels of general ability on
tests constructed to measure the ability
to construct and solve proportionalities ?

=29
X

o

The above three questions cannot be answered
independently of the curricular experiences of
the children who participate in the study. For
this reason, children from two school systems
which used different arithmetic series were
selected. These two curricula are briefly
described below by grade.

Grade 4

Cuvviculum I, In this curriculum (4), the
mathematical model for ratios and fractions is

as given in the section on mathematical back-
ground. The quotient approach is not used.
Fractions are introduced by means of visual
displays. For example, when 1/3 is introduced,
the children are told that one of three equal
parts of a disc is being considered. The disc
is shown in conjunction with the fraction. Six
balls partitioned into three sets of two (with
one of these three sets being considered) also
serves as an interpretation for 1 /3. Work is
given on various basic pairs which include
1/2, 1/3, 2/5, 1/8, and 1/6. Equal fractions
are introduced by virtue of visual displays.
For example, in the case of 1/3 = x/6, a disc
is presented which is cut into three equal
parts, one of which is shaded. Dotted lines
are also present which further partition the
disc into six equal parts. The task is to de-
termine how many of the six equal parts are
shaded. Mixed numbers are taken up and
interpretations are given.

Cuvviculum II. In this curriculum (3), the
quotient approach described earlier in the sec-
tion on mathematical background is used to
introduce fractional numbers. The point of
view is adopted that any whole number may be
assigned to any one, two, or three dimensional
region. For example, five units on the number
line may be divided into two equal parts, where
the midpoint of the segment [0, 5] is assigned
the quotient 5/2, which is also viewed as the
distance from zero to the midpoint. Along with
visual interpretation, the statement is made
that "We can divide a whole number into parts.
For example, 3/2 is part of three. It is three
divided by two. We can read this as '3 divided
by 2! or as '(three)* halves [3, p. 187]."
Children are also expected to denote shaded
or unshaded parts of regions by using quotients.
The point of view is adopted that "Fractions
that name the same number are equivalent

fractions [3, p. 20:]." Various interpretations

are given for equivalent fractions and the chil-
dren are to complete statements such as 7/5 =
?/10 = 70/7.

Grade 5

Curviculum I, Approximately one~half of
the fifth grade is spent working on ratios and
fractions. Visual displays are used as inter-
pretations and learning aids in both cases.

Ratio is interpreted as a comparison between
two sets of objects. The ratio 15/10 is used
in one example to compare 15 model airplanes
to 10 model airplanes. Other numerals are
also used in the same comparison, e.g, 3/2
and 9/6, from which equal ratios are taught.

*Note: Parentheses inserted as a mistake
appeared in the book.

|



Ratios are also used to write a sentence for
such problems as:

Sally found 16 shells, and Kathy found 8
shells. Sally found how many times as
many shells as Kathy ? (4, p. 227}

Fractions are taught as was described under
Grade 4. Various geometrical shapes are
utilized, the most popular being circles and
rectangles.

Curriculum II. Approximately one~-third
of the fifth~grade textbook is devoted explic-
itly to quotients and fractional numbers. The
nearest to a ratio situation that occurs is in the
introduction to fractional numbers. A two to
one matching is performed between sets of 18
boys and 9 girls. Other matchings cccur. An
example follows:

For his birthday party, George has 6 striped
balloons and 18 gray balloons. How many
gray balloons are there for each striped
balloon ? (3, p. 23)

The children are to express this problem by
the equation 6 X [[] = 18 from which they are

to find that [] = 3, which is to be interpreted
as a quotient (3, p. 23). No explicit exercises
are given involving equal ratio situations, ex=-
cept as has been noted. Exercises on equiv-
alent fractions, however, are included. Here,
the multiplicative property of 1 is utilized.

An example given in the text is as follows:

2% 3 2.3 3
11 —— o = = N 1"
6/10-2><5 2 1><5[3, p. 58].

After this example, various exercises are
given, such as 4/5 = ?/10. Little time is
spent on visual interpretation of fractions.

Grade 6

Curviculum I, A large share of Grade 6 is
spent on ratios and fractions and related topics.
Instances of the definition a/b = ¢/d if and only
if ad = bec are given for ratios.

Curviculum II. More work is given on
fractional numbers where about 22 pages are
explicitly devoted to review of the operation
of addition. Two pages of examples and exer-
cises are devoted to equivalent fractions.




THE DESIGN

THE TESTING INSTRUMENTS

Several tests were constructed with refer—
ence to the three questions asked above. The
tests and directions appear in Appendix A.
Since one of the points of interest was to de-
termine the relative success of children in the
fourth, fifth, and sixth grades when working
in situations amenable to an equal ratio inter-
pretation and an equal fraction interpretation,
these types of situations need to be clarified.
They are situations comparable to those which
the children had been exposed to in the cur—
riculum.

Ratio Situation

If there are three squares for every eight
iriangles, how many squares would there
be for twenty=-four triangles ?

Fraction Situation

Two of eight equal parts of circle A are
shaded. How many of the 16 equal parts
of circle B should be shaded so that the
same amount will be shaded in both cir~
cles (given equal diameters) ?

It is not the purpose of this investigation
to argue for or against the above interpretation
of equal ratios and fractions. The questiox of
interest is to determine whether there is any
difference in the success of children when
working with the two different situations. No
one should argue that the situations are not
different.

Two tests were constructed, Test N and
Test D. Test N involved stairements of the

form ﬁ"g = ']'3‘ where the subject was asked to
find x%x. Test D involved statements of the
form 'ﬁ‘g =8 where the subject was asked to

find vy. Test N, the missing numerator test,
and Test D, the missing denominator test,

each contained two subtests, a pictorial test
and a symbolic test. The subtests for Test N

were labeled Test NP (missing numerator-
pictorial) and Test NS {missing numerator-
symbolic). In Test D, the subtests were
labeled in a similar fashion (Test DP and Test
DS). The pictorial subtests of each test,
Test NP and Test DP, were further partitioned
into two subtests, an ''equal' ratio test and
an "equal' fraction test. These tests were
labeled Test NPR (missing numerator-~pictorial=
equal ratios), Test NPF (missing numerator-
pictorial-equal fractions), Test DPR (missing
denominator-pictorial-equal ratios), and Test
DPF (missing denominator-pictorial-equal
fractions).

Test NP contained 16 pictorial items par-
titioned into two sets of 8 items each (8 items
constituted Test NPR and 8 items constituted
Test NPF). A similar pattern existed in Test

DP. Fer eacin of the basic pairs %, %, %’ and

‘%’, each test has two items involving equal

ratios (e.g., two of the items in Test NP which
involve equal ratios are instances of the open
4 _ X b _ X
statements 10 5 an nd 15 = 5), there are
also two corresponding items in Test NP which
involve fractions. In Test DP, there are four
similar items, two of which are instances of
2

the open statement‘i% = ; and two of which
are instances of the open statement‘i% = '}2; .
All of the items in both tests involve reduc-
tions by factors of 2 or 3. In summary, all of
the items of Test NP are instances of the open

statement —% =30 where 2 s replaced by

b
213 1
5 5 g Of and n 1s replaced by 2 or 3.

Similarly, all of the items of Test DP are in-
stances of the open statement—g‘% =’i‘ , with the
same replacements as Test NP. There is a
complete balance of replacements for 2 and

b
n across Tests NP and DP and across the two

9



parts of each test, equal ratios and equal
fractions.

As noted, Lunzer has discovered that verbal
analogies such as a is to b as ¢ is to x involve
a reasoning process not available to children
at a concrete ievel of reasoning, Numerical
analogies followed the same pattern of diffi-
culty. Because of this discovery and because
of the nature of the items of Tests NP and DP,
it was deemed necessary that children be at
more than a concrete level of reasoning to be
successful when working the tests. However,
it was fully recognized that the tests are rep-
resentative of the tyres of experiences in the
curriculum, so that a large training factor
should be present. In the case of the children
who participated in Curriculum I, the training
factor was present in the case of both ratios
and fractions; in the case of those who partici~
pated in Curriculum II, the training factor was
more heavily weighted in favor of fractions.

The eight items of Tests NS and DS are the
symbolic statements which correspond to the
items in Tests NP and DP. Some of these
items are easy enough to be answered by simple
recall of known facts.

One point was given for each cnrrect item
so that the total score possible was 16 for
Test NP and Test DP; and 8 for Tests NPT,

NPR, DPF, DPR, NS, and DS.

THE SAMPLE

As noted earlier, two school systems were
involved in the study. Janesville, Wisconsin,
was the system which used Curriculum I and
Madison, Wisconsin, was the system which
used Curriculum II. The sampling procedures
were identical in both systems and will be de-
scribed in general.

The total enrollment for the fourth, fifth
and sixth grades was obtained for the buildings
which participated in the study. The IQ mea-
sure for each child was obtained from the
permanent records. On the basis of this mea-
sure, three groups of children were identified
for each grade, designated as a highgroup, a
middle group, and a low group. An ordered
random sample was then selected by grade
until each ability group contained 20 children.
The first 10 children selected were assigned
to Test N and the second 10 children selected
were assigned to Test D, which constituted a
random assignment to tests. Aftar an ability
group contained 20 children, the sampling for
that group was terminated.

After the above sample was completed, two
alternates for each ability group in each school
building were randomly selected, one for Test
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N and one for Test D. Due to administrative
difficulties, it was necessary to discard the
last child in each ordered random sample for
Janesville, so that 18 instead of 20 children
were included in each ability group for each
grade. Eight school buildings in Janesville

and eleven school buildings in Madison partici-
pated. Figure 1 shows the number of children
at each grade level at each ability level who
participated in the study.

The IQ measures used in each school system
were those which were made available by the
school system. For Janesville, the total scores
from the Lorge-Thorndike Intelligence Test and
for Madison, the scores from the California
Test of Mental Maturity were used.

In Janesville, the IQ intervals of 8097,
98—109, and 110—125 were used to define the
low, middle, and high groups. These intervals
were chosen to reflect approximate thirds of
the populations at each grade level.

In Madison, the IQ intervals of 80100,
105—115, and 120—140 were used to define
the low, middle, and high groups. Again, these
intervals partitioned the population into thirds
as nearly as possible for each grade. The
spacing of the intervals occurs due to the fact
that a conversion from percentile scores to I1Q
scores was necessary.

THE PROCEDURE

In each school building, Test N was admin-
istered to all of the children assigned to it at
one sitting. The same procedure was followed
for Test D. No time limit was imposed. Each
test took about 45 minutes. Mr. Robert Parr
administered all of the tests in Madison and
Mr. Leslie Steffe administered all of the tests
in Janesville.

When a group of children entered the test-
ing room, the testor told them that the booklet
they would receive contained a set of exer-
cises on which they were to do their best. The
booklets were then passed out face down.
Points 1=5 in the directions were discussad
informally. All of the remaining directions
were read to the children. Item 0 constituted
a warmup item and the children were encouraged
to ask questions. If the testor detected any
children having trouble with the item, he did
his best to insure that the child understood
the directions by giving individual consulta=~
tion. No warmup items were given for the ratio
problems. The items were randomized before
the booklets were constructed; since it was a
group test and the directions were read fo the
children, the items could not be randomly ad-
ministered to each child.




Figure 1. Number of Children in the Sample by School, Grade, and Ability

Janesville 4

School L M H L M H L M H
Adams 4 2 1 2 3 2 2 3 4
Jackson 0 1 3 1 1 0 3 1 2
Jefferson 0 0 0 6 3 4 4 2 4
Lincoln 5 4 3 7 3 2 3 6 0
Madison 4 4 4 3 1 2 2 0 2
Roosevelt 1 5 5 3 4 6 1 3 3
Washington 1 2 2 2 3 1 3 2 1
Wilson 3 0 0 0 0 1 0 1 2
Madison 4 5 6

School L M H L M H L M H
Elvehjem 0 3 3 1 1 1 4 1 1
Emerson 8 1 1 4 2 1 1 4 1
Gompers 0 2 2 2 2 4 4 0 4
Crestwood 1 0 2 1 2 1 0 0 0
Van Hise 2 . 2 0 4 2 0 0 0
Hawthorne 3 2 2 4 0 1 3 5 1
Randall 1 z 2 2 1 3 2 1 5
Mendota 1 2 1 4 1 1 0 4 2
Kennedy 3 6 3 0 2 4 1 1 2
Allis 1 2 2 2 5 2 4 3 3
Falk 0 0 0 0 0 0 1 1 1
THE EXPERIMENTAL DESIGN A denoctes ability of which three levels exist,

T denotes tests of which two levels exist

As noted above. it was not possible to ran- (Test NP and Test DP),and V denotes vishals
domly administer the items independently to of which two levels exist (ratio and fraction).
each subject. With regard to this point, the All factors are considered as fixed factors.
following are relevant. 1) The items were Gijk represents a group of children in grade i,
randomly arranged in the test booklets. 2) If ability level j, and test k.
the items in each test were randomized for The above design was utilized for the data
each pupil, it would not have been possible in each school system. The study was con-~
to give the test as a group test, Carry-over ceived as being two independent studies, one
effects are present in a fixed manner. in Janesville and one in Madison.

Extensive internal-consistency reliability The experimental design utilized for Tests
studies were conducted for each grade on each NS and DS was a siraightforward ANOVA where
of the ratio and fraction tests. Various sources the factors C, A,and T are included. Again,
are available for a full eiucidation of the founda- the data in the two school systems were
tions of these studies. * analyzed separately. Various correlation co-

The experimental design utilized for Tests efficients were computed between the pictorial
NP and DP is outlined by Winer {20, Chapter and symbolic tests, and subtests thereof.

7) and by Meyers (10, Chapter 8). This design

has been successfully used in studies conducted

by Boe (1) and Ste’fe (15). In Figure 2, C HYPOTHESES

denotes grade of which three levels exist,

The above design allows the following hy=~

%Frank B. Baker, Empirical Determination of potheses to be tested. Not all hypotheses
Sampling Distribution of Item Discrimination tested are stated, only those which are of the
Indices and a Reliability Coefficient. Contract most interest to the investigators. The hypoth-
OE-2~10-071, Nov. 1962. eses were the same for both school systems.
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‘ Figure 2. Diagram of Experimental Design TEST P
o A 7 Vv 1) There are no differences among the mean
, Ratio Fraction performances of the children in the fourth,
NP G G fifth, and sixth grades.
q 111 111 2) There are no differences among the mear
DP G G performances of the children in the high,
112 112 medium, and low ability groups.
----------------------------------- 3) There is no difference between the means
NP G"121 G121 of numerator(NP) and denominator(DP)tests.
4 M 4) There is no difference between the means
DP G122 Gl,p of the ratio(NPR and DPR)and fraction sub-
__________________________________ tests (NPF and DPF).
NP G G 5) The difference between the means of the
L 131 131 ratio and fraction subtests is the same
DP G G across grades.
132 132 6) The difference between the means of the
NP G G ratio and fraction subtests is the same
211 211 across the ability groups.
H DP G G 7) The difference between the means of the
212 212 ra‘ls and fraction subtests is the same
---------------------------------- across the numerator and denominator test.
NP G"221 G"221 8) The difference between the means of the
5 M ratio and fraction subtests is the same
DP G222 G"222 across the ability groups within each grade.
TEST S
’ NP G231 Ca31
‘ L DP G G 1) There are no differences among the mean
232 232 performances of the children in the fourth,
§ NP g G fifth, and sixth grades.
311 311 2) There are no differences among the mean
| H DP G G performances of the children in ths different
_______________ 312 ___"312 _ ability groups.
NP G G 3) There is no difference between the means
6 M 321 32] of the numerator and denominator test.
: bP Ci22 G322 TESTS P AND S
I emeeecce————— e ot o e s e
NP G?’:,’1 G331 1) The scores on Test P and Test S and sub-
; L tests thereof are not correlated.
! DP G332 G332




Figure 3.

ANOVA Analysis Test P

Source of
Variation df MS F
Between
C c-l MSC Ssubj W. groups
A a-1 I\/ISA is error for all other
T t-1 I\/IST mean squares between.
CA (c=1)(a-1) MSCA
CT (c-1)(t-1) MSCT
AT (a=1)(t-1) MSAT
CAT (c-1)(a-1)(t-1) MSCAT
Subj. w. groups cat(n~1) SSubj Ww. groups
Within
v vl MSV MSV XSubj W. groups
ve (v=1)(c=1) IVISVC is the error term for
VA (v=1)(a=1) IVISVA all other mean squares
VT (v=1)(t=-1) MSVT within
VCA (v=1){c-1)(a-1) MSVCA
VCT (v=1)(c=1)(t=1) I\/ISVCT
VAT (v=1)(a=1)(t-1) MSVAT
VCAT (v=1)c=1)(a-1)(t=1) MSVCAT
V X Subj w. groups cat(n-1)(v-1) MS

V X Subj w. groups

[T
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THE RESULTS OF THE STUDY

RELIABILITY S(UDIES

An extensive reliability study was conducted
by grade for Tests NP (numerator) and DP (de-
nominator). The generally high reliabilities for
the total pictorial tests are reported in Table 1.

Table 1

Internal-Consistency Reliability Coefiicients:
Total Pictorial Tests

Test
System Grade NP DP
4 .92 714
Madison 5 . 93 .88
6 . 83 .91
4 . 89 .72
Janesville 5 . 85 .87
6 . 92 .83

The modest reliabilities for Test DP for the
fourth grades may indicate the difficulty of the
tests at that level.

Table 2 contains the results of a reliability
study conducted separately on the ratio and
fraction subtests of Tests NP and DP. The
reliabilities generally are higher for the parts
of Test NP than for the corresponding parts of
Test DP, a second indication of the relative
difficulties of the two pictorial tests (as the
difficulty of a test increases, the error variance
may increase, and the reliability decrease).
The reliabilities seem to be substantial enough,
however, to support interpretations from the
analysis of the data.

RESULTS OF THE STATISTICAL ANALYSIS:
TESTS NP AND DP

The results of the Janesville study will be
given first followed by the results of the
Madison Study.

14

Table 2

Internal-Consistency Reliability Coefficients:
Ratio and Fraction Tests

NP DP

System Grade Ratio Fraction Ratio Fraction

4 . 88 . 87 .73 .58
Madison 5 . 90 .93 .75 .79

6 . 80 . 83 .83 .89

4 . 87 . 89 .63 .75
Janesville 5 . 84 . 85 . 86 .79

6 .90 .91 .76 . 83

Mi - Mj

Janesville Study

The results of the analysis of variance is
given in Table 3 for Tests NP and DP. Each
source of variation which has a significant F
ratio is discussed below.

Table 4 contains means for the three grades.
Table 5 contains the matrix of differences of
these means by pairs, and Table 6 contains
the critical values given by the Newman-Keuls
test by which the significance of the differences
of the means were tested. To obtain these
critical values, the standard error of the mean

. . MSS C

G n.a.t.v. is computed and then

Sg* qj-qfr, d.f.), the critical value, is com-
puted where r = the number of steps the two

ordered means are apart and qj.,(r, d.f.) =

Sa , Where Mi = mean of group i,

Mj = mean of group j, and q is the student-
ized range statistic. There were significant
differences between Grades 4 and 5 and be-
tween 4 and 6 but not between 5 and 6, even
though the mean for Grade 6 was greater than
the mean for Grade 5.




Table 3

Janesville
ANOVA Table

Source of Variation df MS F
Between
C (Grades) 2 69.39 9. 62 %%
A (Ability) 2 131.52 18, 22%*
T (Tests) 1 180.75 25. 053k
CA 4 13.47 1.87
CT 2 8.39 1.16
AT 2 7.37 1.02
CAT 4 16.58 2.30
S/G 144 7.22
Within
V (Ratio vs. Fraction) 1 91.31 25, 843k
Cv 2 1.32 <1
AV 2 20.50 5. 80%:%
v 1 34.68 9, 82 %:k
CAV 4 2.08 <l
C1v 2 2.28 <1
ATV 2 5.65 1.60
CATV 4 1.60 <1
VX S/G 144 3.53
slask
p<.0l
Table 4 Table 5
Janesville

Janesville
Differences Between All Pairs of Means of the
Three Grades

Means by Grade?

Grade 4 5 6
Mean 3.52 4,53 5.10 Grade 5 6
4 1.01% 1.58:%
**These means must be doubled to get the 5 - 57
means of the pictorial tests. - '
*p < .05

Table 6

Janesville
Critical Values for Newman-Keuls Test*

2 3
q'95u,120) 2.80 3.36
SG q'95ﬁ,120) .620 .861

*q 9g(r,120) is used in place of q 95(r, 144)
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Mean scores contributing to the significant
AV and TV interactions and the insignificant
ATV interaction are reported in Table 7. In
addition, the differences between the means
on the ratio and fraction subtests (Factor V)
for levels of Factors A and T combined and the
results of a t test (20, p. 340) performed on
those differences are reported. The differences
between the means were significant only for
Test DP for the low and medium ability groups,
although the difference between the means for
Test NP for the medium ability group approached
significance. All of these differences are in
favor of the ratio subtest (PR).

Table 7

Janesville
Means: Ability by Tests by Visuals

e—

AT v R-F2 ¢t
Ratio Fraction
L NP 4.52 4,33 .19 <i
DP 3.15 1,52 1.63 3, 19k
M NP 5.30 4,37 .93 1.82
DP 5,11 2.04 3.07 6., 013k
o NP 6.19 6.07 12 <1
DP 5,22 4,78 .44 <1

aﬁ and -I:‘ represent means of the ratio test and
of the fraction test, respectively.

siedle

p<.0l1

Table 8 represents the TV interaction,
which was significant. The diiference between
the means for the ratio and fraction subtests
was significant only for Test DP. The results
in Table 7 indicate, however, that due to the
ability by visual interaction, this significance
is due to only the low and middle ability
groups. Test NP was easier than Test DP for
both the ratio test and the fraction test. Since
ability interacted with factor V, the generality
of the preceding statement at each ability
level must be checked. Table 9 contains these
calculations.

From the results of Tables 8 and 9, it can
be safely concluded that for the low ability
children Test NP is easier than test DP for
each of the ratio and fraction tests; but for
the ratio test, at only the .05 level. For the
middle and high ability groups, significance
is reached only in the case of the fraction
test. This interpretation holds for each grade
due to the lack of a significant interaction of
Grades with any of the other variables.
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Table 8

Janesville
Means: Tests by Visuals

\V Ratio Fraction R- F t

NP 5.33 4,93 .40 1.36
DP __  4.49 2.78 1.71 5. 803k
NP - DP .84 2.15
t 2,30% 5, 90k
:‘zp < .02
:::,:p <. 01
Table 9
Janesville
Differences of Means of Test NP and Test DP
by AV
A v NP - DP t
L Ratio 1.37 2.17%
Fraction 2.81 4, 455k
M Ratio .19 <1
Fraction 2.33 3, 69 %%
H Ratio .97 1.54
Fraction 1.29 2.06%
“p<.05
sk
p<.0l
Table 10
Janesville

Means: Ability by Visuals

N Ratio _ Fraction R-F t

L 3.83 2,93 .90 2.49:%

M 5.20 3.20 2,00 5, 53 %k

H 5.70 5.43 .27 <1 i
b 5
p<.02

sjesk
p<.0l

Table 10 represents the AV interaction and
Table 11 represents the differences of the means
of the ability groups at each level of factor V.
The matrix of the t wvalues corresponds to the




Table 11

Janesville
Differences of Means of Ability Groups by Visuals

A H-M M-1L H-L t
Ratio .50 1.37 1,87 1,12 3. 07 %% 4, 19%s%
Fraction 2.23 .27 2.50 5. 00%% <1 5.61%%
sleok
p<.0l
Table 12
Janesville

Differences of Means of Ability Groups by VT

v T H-M M-L H-1L t
Ratio NP . 89 .78 1.67 1.42 1.25 2. 67%:%
DP .11 1.96 2. 07 <1 3, 13%% 3, 31 %%
Fraction NP 1.70 .04 1.74 2. 72%% <1 2. 78%%
DP 2.74 .52 3.26 4, 38k <1 5,21 %%
B3
p<.0l
matrix of the differences. Since T and V Table 13
interact, in order to better understand the
data in Table 11, Table 12 was constructed. Janesville
The differences between the means of the high Means: Grades by Ability by Tests by Visuals
and low ability groups were significant for
cach of Tests NP and DP at each level of factor G A T Ratio Fraction
V. For the fraction test, the differences between L NP 3.22 3.78
the means of the high and middle ability groups DP 3.00 1.67
were significant for each of Tests NP and DP, NP 411 3. 44
but both of these differences were not signifi- 4 M DP 3' 00 ’ 90
cant for the ratio test. The differences between ) ’
the means of the medium and low ability group, q NP 6.11 5.44
however, were significant for Test DP at the DP 4,11 3.44
ratio level. This information from Table 12~ =====—==-ss—smesessooosssssssossooso—
corresponds very nicely with information given L NP 6.33 5.67
in Table 11. DP 2.44 1.00
Table 13 represents the interaction of fac- NP 5. 56 3. 89
tors G, A, T andV. As shown in Table 3, this 5 M pp 5’ " 2' 67
interaction is highly insignificant. ’
| The results encompassed in Table 7 show H NP 5.67 5.89
there is no reason to believe that any differ- DP 5.00 4.67
ences exist in the means of the ratio and ~  ====-ssoosssosmsosssosossomssssmommmmTTT
fraction test for the high ability groups both L NP 4,00 3.56
for Test NP and DP. Since no interaction with DP 4.00 1.89
Grades occurs, this result may be generalized NP 6.22 5.78
to each of the Grades 4, 5,and 6. An inspec- 6 M pp 6. 78 2' 56
tion of the appropriate means in Table 13 re- ’ ’
flects the above result. However, for the H NP 6.78 6.89
middle and low ability groups, the mean of the DP 6.56 6.22
ratio test is significantly greater than the mean
of the fraction test for DP but not NP. An in-
spection of these means in Table 13 for each view of the insignificant Grade interactions
] of the Grades 4, 5, and 6 when considered in again reflects the results discussed.
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The results encompassed in Table 9 show
that the mean for Test NP is greater than the
mean for Test DP for each akility group for the
fraction test. This result again generalizes
to each grade level as is reflected by the ap~
propriate means in Table 13.

The results encompassed in Table 12 show
that the mean for the high ability group is sig-
nificantly greater than the mean for the low
ability group for each of Tests NP and DP at
each level of factor V. This result again gen-
eralizes to each grade level. An inspection of
the appropriate means in Table 13 may lead
one to believe the result may not be true for
Test NP at the fifth grade level. However,
this fluctuation is one which can be Aattributed
to chance. The mean for the high ability group
is greater than the mean for the middle ability
group only for Test NP and DP at the fraction
level, which again generalizes to each grade
level. The same result did not hold for the
ratio test. The mean score for the middle
ability group is greater than the mean score
for the low ability group only for Test DP at
the ratio level. An inspection of the appro-
priate means in Table 13 would lead one to
believe that the result doesn't hold for the
fourth grade, but again, this may be a chance
fluctuation.

Madison Study

The results of the analysis of variance per-
formed on the data collected in Madison for
Tests NP and DP is given in Table 14.

Table 15 contains means by grades. Table 16
contains the matrix of differences of these
means by pairs and Table 17 contains the
critical values given by the Newman~Keuls
test. There were significant differences be-
tween the means for Grades 4 and 5, 4 and 6,
and 5 and 6.

Table 18 contains the means for each ability
level and Table 19 contains the matrix of dif-
ferences of these means. Significant differ-
ences occur for each pair of means. Table 20
represents the insignificant GA interaction.
Since, as discussed before, both grade and
ability were significant, within each grade
level, the mean score for the low ability group
is significantly less than the mean score for
the middle ability group which in turn is sig=-
nificantly less than the mean score for the
high ability group.

Table 14 shows a significant interaction of
Tests by Visuals. Table 21 represents this
interaction and gives the results of a t test
for significance of difference of the ratio and
fraction subtests at each level of Test P, The
fraction subtest (NPF) was easier than theratio
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subtest (NPR). For Test DP, however, the
fraction subtest (DPF) was much more difficult
than the ratio subtest (DPR). There was no
difference in the mean scores of the ratio test
across Tests NP and DP, but there was a large
difference between the mean scores for the
fraction test across Tests NPand DP.

Table 14

Madison
ANOVA Tanle

Source of df MS

Variation F
Between
C 2 96. 34 11. 64 %%
A 2 188. 21 27. Tl
T 1 119.03 14. 385
CA 4 6.717 <l
CT 2 12,66 1.53
AT 2 7.23 <1
CAT 4 1.96 <l
8/G 162 8.28
Within
v 1 29.47 10.10%%
Cv 2 3,10 1.06
AV 2 1.41 <1
TV 1 175. 00 59, 98k
CAV 4 .44 <1
CTv 2 6. 00 2. 06
ATV 2 6.07 2,08
CATV 4 2. 83 <1
VXS/G 162 2.92
el
p<.0l
Table 15
Madison

Means by Grade®
CGrade 4 5 6
Mean 3.42 4.28 5.21

*These means must be doubled to get the
means of the pictorial test.

Table 16

Madison
Differences Between All Pairs of Means of the
Three Grades

Grade 5 6
4 . 863 1.79%
5 - .93 %
#*p < .05




Table 17

Madison
Critical Values for Newman-Keuls Test

'y 2 3
q.95(r, 120) 2.80 3.36
Sg 9 g5 120) .74 . 88
o . .

q 95(r, 120) is used instead of a 95(r, 162).
Table 18
Madison
Means by Ability
Ability L M H
Mean 3.01 4,39 5,51
Table 19
Madison

Differences Between All Pairs of Means of the
Three Ability Levels s

Ability M H
L 1,38% 2.50%
M - 1.12%
e
p<.05

**Critical values obtained from Table 23.

Table 20
Madison
Means: Grade by Ability
é?\\é L M H Total
4 2.38 4.30 4,56 3.42
5 3,10 4,65 5.10 4,28
6 3.55 5,23 6.85 5,21
Total 3.01  4.39 5,51

RESULTS OF THE STATISTICAL ANALYSIS:
TESTS NS AND DS

Janesville Study

The results of the analysis of variance per-
formed on Tests NS and DS are given in Table
22, The effects due to Grades and Ability were

Table 21

Madison
Means: Tests by Visuals

N Ratio  Fraction R-F t
NP 4, 47 5.29 -. 82 3, 22%%
bpr __ 4,71 2.74 1.97  7.73%%
NP~ DP -, 24 2.55
t <1 7. 22 %%
sedle

p<.01

significant, at the .01 and .05 levels respec-
tively. Table 23 contains the means by Grade
and Ability. The sharp increase between
Grades 4 and 5 may be attributed to a training
factor.

Table 22

Janesville
ANQVA Table

Source of

Variation df MS F
C 2 415.64  72.79%%
A 2 25.15 4,41%
T 1 4,50 <1
CA 4 10,57 1,85
CT 2 9,24 1,62
AT 2 2.35 <1
CAT 4 4,95 <1
Error 144 5.71
3.:p < . 05
sleste
p<.0l
Table 23
Janesville

Means: Grade by Ability

NP L M I Total
4 200 1.94 1.77  1.89
5 5.11  6.33  7.50  6.32
6 5.78  7.67  71.56  7.70
Total 4.30 5.32  5.59
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Madison Study

The results of the analysis of variance per-
formed on Tests NS and DS are given in Table
24, The three main effects are significant,
where the Test factor is significant at only the
5% level. Table 25 contains the means of the
three main effects. Again there is a sharp in-
crease in the mean scores between Grades 4
and 5, which is indicative of a training factor.
The three levels of ability were also signifi-
cant in the direction expected. The means of
the two tests favor Test DS. This diiference

may not be important, as the difference did not

exist in the Janesville study.

THE RESULTS OF THE CORRELATION STUDY

An extensive correlation study was conduc-
ted between the scores on the following tests:
1) NPRvs. NS; 2) DPRvs. DS; 3) NPF vs, NS;
4) DPF vs. DS; 5) PRvs. S; 6) PFvs., S;

7) NPvs. NS; 8) DPvs., DS; and 9) Pvs. S.
Tables 26 and 27 contain the results of this
study. In the Madison school system, low to
very low correlations exist in most cases: In
the Janesville school system, low to very low
correlations also exist in most cases.
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Table 24
Madison
ANOVA Table
Source of Variation df MS F
C 2 291.24 45,51 %%
A 2 106.67 16,67%:%
T 1 30.42 4,75%
CA 4 2.21 <1
CT 2 9.01 1,41
AT 2 .84 <1
CAT 4 4,15 <l
Error 162 6.40
¥p<.05
>,=.,=p < .01
Tabie 25
Madison
Means; Grade by Ability by Tests
Total
C A NS DS Grade
L . 50 1.80 Four
4 M 1.20 1.80 1.98
H 3.60 3.00
L 1.90 3,70 Five
5 M 5,30 5.90 4,98
H 5.90 7,10
L 5.30 5,30 Six
6 M 5.40 6.80 6.28
H 6.90 8.00
Total 4, 00 4,82
Total L 3.08
M 4,40
H _5.75
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Table 26
Correlation Table: Madison
NPR NPF DPR DPF PR PF NP DP P
vs. vS. vs. vS. vS. vsS. vS. vs. vs.
NS NS DS DS S S NS DS S
All
Subjects L 4] sk . 4350 , 51 skl , 48k . 46 sk . 36 sk , 483k . 55l . AT ek
6 .30 .38 , BT sk . 38% . 42 %% . 28% .43k . 5] sk . 40 %e%
5 47 e . 49k . 30% .32 . 46kl ,28% . B4 sl . 393k . 44 ek
4 . 42% .27 .30 .27 . 35%:% .17 37 .34 . 29%
6H . 06 -.23 - - . 09 -.10 -, 02 - -
6M T3k T 9%k . 45 .11 . 56k .17 . 97 %ok .35 . 45%
6L -.04 .21 .50 .18 .17 .18 .14 .35 .22
5H o 81 %% . 57 .33 .28 . 615k .28 LT9% .33 . 50%
5M .13 .50 .24 . 02 17 .24 .38 .16 .26
5L -.18 .20 .55 . 36 . 40 .10 . 06 . 52 .31
4H .30 -.43 . 64% T e .41 .16 -.12 o 813 .30
4M .15 .19 -.18 -.55 . 04 -.08 .18 -. 37 -.03
4L .39 .33 .33 -.26 .36 -.03 .38 .18 .21
Table 27
Correlation Table: Janesville
NPR NPF DPR DPF PR ‘ PF NP DP P
vS. vs. vs. vsS. vs. vs. vs. vsS. vSs.
NS NS DS DS S S NS DS S
All
Subjects . 27 Hesie . 24% . 4.8 % . d0sex . 36k . 29300 o 303k . 51 ek . 37 sk
6 , 54 ek , 59k .34 .24 , 47 ek . 42 e , 63k .34 . 50tk
5 -. 14 -.09 .41 . 55k .11 .13 -.15 . 535k .14
4 .21 .12 .36 .25 P 3% .24 .19 . 383 . 32%
6H - - . 86%% o 8383k . 46% o 7 Oiesie - . 9530 T 1ok
6M .33 .50 -.29 .18 . 08 «19 LT1% ~, 06 .26
6L .54 .54 ~-.43 ~-.45 .28 . 27 . 55 -.51 .29
5H -.33 -.25 - - -, 26 -.25 -, 42 - -.31
5M -.11 -.55 . 68% .62 .13 -.30 -, 42 .74% -=,09
5L .08 . 57 .02 .29 .17 .41 . 48 .18 .32
4H . 49 .38 .59 . 57 . 52%  47% .55 . 70% . 58%%k
4M -, 01 -, 29 -.13 -.63 . 03 -.10 -.22 -.32 -.05
4L . 48 .60 . 46 ~. 14 . 46% -, 49% . 57 .29 . 56
*p <, 05
**p <, 0]
21
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CONCLUSION AND DISCUSSION

In this chapter, each hypothesis of interest
will be stated along with discussion and con-
clusions relative to that hypothesis.

The results of the reliability studies indi-
cate that substantial reliabilities are asso-
ciated with each test and subtest for each
grade level, which indicates that the results
of the statistical analyses may be interpreted
with the confidence that the tests are measur-
ing what they were constructed to measure.
The results of the study for both school sys-
tems will be discussed simultaneously whenever
possible.

Test P

1) There are no differences among the mean
performances of the children in the fourth,
fifth and sixth grades.

5) The difference between the means of the
ratio (NPR and DPR) subtest and fraction
(NPF and DPF) subtest is the same across
grades.

Hypothesis one was rejected (p <.01) in
both the Janesville and Madison study. In
Janesville, the means in terms of percentages
were 44, 57 and 64 and in Madison 43, 54, and
65 for Grades 4, 5 and 6 respectively. (See
Tables 4 and 15.) In the case of the fourth
grade, the means are about what one would
expect in view of the limited amount of ex~
perience of these children with ratio and frac~
tions. For the fifth grade and especially for
the sixth grade, however, the mean scores are
modest in view of the extensive emphasis in
each curriculum on ratio or fractions. In Janes-
ville, no differences existed between the fifth
and sixth grades. No interaction of grades
occurred with any other factor.

2) There are no differences among the mean
performances of the children in the high,
medium and low ability groups.

6) The differences of the means of the ratio
subtest (Test PR) and fraction subtest (PF)
is the same across the ability groups.
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In the Janesville study the high ability
group scored significantly better than the low
ability group (p < .01) for each subtest, i.e.,
for subtests NPR, NPF, DPR and DPF. The
high ability group also scored better (p < .01)
than the middle ability group for tests both of
NPF and DPF. For these two tests, the middle
ability group did not score better than the low
ability group. Moreover, the high ability
group did not score better than the middle
ability group for either of tests NPF or DPF.
For test DPF, however, the middle ability
group did score better (p < .01) than the low
ability group.

In the Madison study, the effect due to
ability was significant (p < .01) where the
mean scores were 38, 55 and 69 (See Table
26} percent for the low, middle and high groups
respectively. The differences of these means
taken two at a time are all significant. In
Madison, no interaction occurred between
Factors A and V. It is impossible to make any
comparisons of the above resuits in the two
school systems du® to the different testing
instruments and intervals used to stratify the
two populations. In Janesville, however, the
fact that the middle ability group scored as
well as the high ability group on both tests
NPR and DPR may be attributed to the expe-
riences in ratio situations of both groups.

3) There is no difference in the means of
Test NP and Test DP.

4) There is no difference between the means
of the ratio (NPR and DPR) and fraction
(NPF and DPF) subtests.

7) The difference of the means of the ratio
and fraction subtests is the same across
the numerator and denominator test.

Factor T and factor V interacted in the
analysis of data for both school systems. The
manner in which the interactions occurred were
not strictly analogous, but similarities do
occur. For Test DP (denominator) the ratio
subtest was easier than the fraction subtest
(p < .01) for both school systemns., Moreover,
for the fraction subtest, the numerator test




was easier than the denominator test (p < .01)
for both school systems. These results indi-
cate that test DPF was extremely difficult for
most of the children in the study.

In both school systems, the low subtest
score was the fraction-denominator test for
every ability group in each grade. In view of
these facts, a detailed item difficulty table
was constructed and is presented as Table 28.
The nomenclature for this table is as follows: in
the column headings, 4.1 means grade 4, test
NP; 4.2 means grade 4, test DP; etc. In the
first column of the table the basic pairs are
given. In column two, 4r2 means item 4, ratio
and a reduction by a factor of two, etc. The
table entries are the percentages scoring a
particular item correct. The means are the
mean percentages of the four column entries
immediately above them. For the numerator
test (4.1, 5.1, and 6.1) it is easy to observe
a decrease in the means from the two pairs
'%' and 'é' to the two pairs % and -:; . For the
denominator test (4.2, 5.2, and 6.2) this de-
crease is very acute, more so for the fraction
items than for the ratio items as the above
interaction shows.

In the statement of the problem, the assump~
tion was made that a child must be at more than
a concrete level of reasoning before he would
be successful when working the items. This
statement was based on a discovery by Lunzer
that verbal and numerical analogies demanded
more than concrete reasoning. The empirical
evidence given above indicates, however, that
the above assumption is not valid for each item
of each test. The reason, in the case of the
fraction test, may be that in item 14 test NP,
for example, a child could solve the problem
merely by a visual inspection of the two circles
involved. All he had to do was observe that
the three shaded parts in the top circle fit into
one space in the bottom circle. However, an
item such as 10, test DP was not at all con-
ducive to a solution by visual inspection., In
this item, it was almost certain that a mathe~
matical proportion had to be established,
namely that ’1% =“}3;. The child who was un-
able to construct this proportion had little
chance of success when solving the problem.
The high ability sixth graders in both school
systems scored quite well on subtest DPF, but
for all other grades and ability groups this
was not true, which seems to indicate that
the h.oh ability sixth graders were the only
group who possessed the requisite cognitive
structure to be successful when working with
a proportionality situation as given in subtest
DPF. It must be remembered that the fifth
graders had received substantial instruction

in ratio or fractions in each school system.
These results seem to be very consistent with
the facts that (1) Piaget sees formal thinking
emerging at about 12 years of age—or at about
the sixth grade level, (2) Lunzer observes a
steep rise in scores on verbal and numerical
analogies after the age of 10 and (3) that Lunzer
sees formal reasoning being elaborated only at
about the age of 11

No generalizable differences exist between
the means of test NP and test DP in the case
of ratios. Differences do exist, however, be-
tween the means of subtests DPF and DPR
except for the high ability groups in Janesville.
The differences that do exist are all in favor of
subtest DPR. The lack of significance noted
immediately above for the high ability groups
seems to indicate that the presence in the
curriculum of both ratio and fractions may have
enhanced the performance of these children on
subtest DPF. It must be noted here, however,
that with the exception of the 6th graders, the
high ability groups performed poorly on subtest
DPR in both school systems. The reason sub-
test DPR was significantly easier than DPF
may also be explained by the fact that the
visuals involved were more conducive to a
solution by inspection rather than a solution
by constructing and solving an actual propor-
tion. A second explanation, however, will be
offered. It may be true that it is easier to
teach children that 22 expresses the same

nb
ratio as % than to teach them that ﬁ% ex-

a
presses the same measure as B (e.g., the

same emount of area of two subregions of two
congruent regions).

Test S

1) There are no differences among the mean
performances of the children in the fourth,
fifth and sixth grades.

2) There are no differences among the mean
performances of the children in the dif-
ferent ability groups.

3) There are no differences between the
means of test NS and test DS.

Hypothesis one was rejected in the case
of both school systems {p < .01). The means
were, in percentages, 25, 62 and 78 for
Madison (See Table 25) and 24, 79 and 87 for
Janesville (See Table 23) for Grades 4, 5 and
6 respectively. Hypothesis two was rejected
for the Janesville study (p < . 05) and for the
Madison study (p < . 01). The means were, in
percentages, 54, 66 and 70 for Janesville and
38, 55 and 72 for Madison for the low, middle
and high groups, respectively. Hypothesis
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three was not rejected for Janesville, but was

for Madison (p < . 05) in favor of the denominator

test, where the means were 50 and 62 per cent
for the numerator and denominator test, respec-
tively. No interactions occurred in either
analysis.

The above results indicate it may be possible
to teach even low ability fifth graders (In Janes-

ville, the mean score for low ability fifth graders

was 64 per cent) to be fairly efficient in the
case of the reduction of fractions on a symbolic
level. No large gain was present, however,
for the low ability groups in Janesville between
the fifth and sixth grades. (In Janesville, the
low ability sixth graders had a mean score of
72 per cent). For the low ability children in
the fifth and sixth grades in Madison, a large
gain in mean scores occurred. (The mean
scores were 35 and 66 per cent for the fifth and
sixth grade low ability groups respectively.)

It is not apparent why the numerator test
was more difficult than the denominator test in
Madison. One possible reason may be that in
order to find the numerator, the children had
to work with larger numbers (those of the two
denominators) than when they found the denom-
inator.

Tests P and S

1) The scores on Tests P and S are not cor-
related.

In view of the correlations presented in
Tables 26 and 27, this hypothesis can not be
rejected consistently for the subgroups con-
sidered. A low degree of relationship exists
between the ratio subtest and symbolic test;
the fraction subtest and symbolic test; and the
total pictorials test and symbolic test. The
fourth-grade children had lower mean scores
on the symbolic test than they did on total pic~
torial test. (In Janesville, 24 vs. 44 per cent
and in Madison 25 vs. 45 percent.) In the
fifth and sixth grades, however, just the re~
verse was true. For Janesville, the compari-
sons are 79 vs. 47 per cent and 88 vs. 64 per-
cent for the fifth and sixth grades respectively
and for Madison the comparisons are 62 vs.

54 per cent and 78 vs. 65 per cent for the fifth
and sixth grades respectively.

These results indicate that it is questionable
whether there is a high degree of relationship
between the ability of a majority of fourth, fifth
and sixth graders to work with proportionalities
at a symbolic level and at a pictorial level.
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SUMMARY AND IMPLICATIONS

The following summary of the study is war-

ranted based on the statistical analyses and
the discussion and conclusions pertaining to
these analyses.

1.

26

There is little correlation between the abil-
ity of children at the fourth, fifth and sixth
grades to perform successfully in propor-

tionality situations at a symbolic level, such

S L. =
15 5

successfully on proportionality situations

based on ratio or fractional pictorial data.

a , and their ability to perform

. Children solve many proportionalities pre-

sented to them in the form of pictorial data
by visual inspection both in the case of
ratio and fractional situations.

. Whenever the pictorial data, which display

the proportionalities, are not conducive tc
solution by visual inspection, the propor-
tionalities become exceedingly difficult for
fourth, fifth and sixth grade children to
solve, except for the high ability sixth
graders. The reason hypothesized for this
difficulty is that they are unable to repre-
sent the data mathematically. In terms of
Piagetian Developmental Psychology, many
children below 11 or 12 years of age are
not at a formal level of reasoning and there-
by do not possess a proportionality schema.

. For the denominator test, the proportionali~

ties represented pictorially by a ratio situa-
tion were easier for the children to solve
than the proportionalities represented pic-
torially by a fractional situation.

The children of high intelligence are much
more adept at solving proportionalities for
both a symbolic and pictorial representation
than are children of low intelligence.

. Subtest NPF was significantly easier than

the subtest DPF for each ability group in
each grade.

7.

The fifth and sixth graders performed sig-
nificantly better than the fourth graders on
all tests and subtests involved.

Various implications are present for curricu-

lum researchers or builders among which are
the following:

1.

Much more care must be taken in the fifth
and sixth grades to develop a sequence of
lessons which are designed to enhance
children's ability to represent visual data
mathematically in the case of ratio or frac~
tions, indeed if that ability can be enhanced.

. Special attention must be devoted to the

lower ability children (40 to 50 per cent

of the population) in the active development
of a curriculum to insure that sufficient
time is being spent on the conceptual de-
velopment of ratio or fraction for these
children.

Implications are also present for further

research. Among these implications are the
foliowing:

1.

Is it possible to construct a ''readiness
test' for the study of ratio and fractions in
the elementary school ? Such a test may
have its foundation in the psychological
theory of Piaget. The ratic or fraction de-
nominator test may be a good starting point.

. Many experiences are given to children in

the elementary school in problem solving
which involve ratio and fractions. There
is no reason to believe that children are
any more successful when solving these
problems than they were on subtest DPF.
Moreover, if such a test as described in
(1) were developed, perhaps its validity
could be established in part by assessing
its relationship to problem solving abili-
ties. Its validity could also be established
in part by establishing its relationship to
the ability to add, subtract, multiply or
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divide fractions on a symbol level. Such a
readiness test may ke designed to encom-
pass the ability of children to represent
data mathematically.

. If such a program of research as outlined

in (1) and (2) were carried out and was
successful, it would then be entirely pos=
sible to conduct further experimental re-
search from an instructional point of view.
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Test NP, Directions

paper until I tell you to do so.

2. This is a set of exercises that we want you
to do your very best on. You may find some
exercises you cannot complete. Make a
cross on those exercises. But remember,

3, Don't turn any pages until I tell you to do
so. Make sure to turn only one page at a
time.

5. Turn your paper over.

Item 0, Look at the square in the top picture.
How many equai parts are there ? (Pause)
That's right, four. Two of the four equal
parts are shaded. Now look at the bottom

m picture. This square must have the same

amount shaded. Let's read the question.

How many of the two equal parts should
be shaded so that the same amount is
shaded in both squares ? The squares
are unit squares.

You may do any work you wish on the page.
Place your answers in the blank.

If you aren't finished when I say turn the
page, raise your hand and I will give you
more time.

Item 1. Look at the top picture. There are
nine squares for twenty-four triangles.
(Repeat) (Pause) Look at the bottom

‘E picture. Now let's read the question.

g If there are nine squares for every

Item 2. Look at the square in the top picture.
T Four of the ten equal parts are shaded.

A (Repeat) (Pause) Now look at the bottom
' picture. This square must have the same
amount shaded. (Pause) Now let's read
the question.

28
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1. Test Books (Face down). Don't turn over your

do your very best to complete each exercise.

4. Don't talk when you are doing the exercises.

twenty-four triangles, how many squares
would there be for these eight triangles ?

APPENDIX A: TEST DIRECTIONS AND TESTS

How many of the five equal parts should
be shaded so that the same amount will
be shaded in both squares ? The squares
are unit squares.

Item 3. Look at the circle in the top picture.
Two of the six equal parts are shaded.
(Repeat). (Pause) Now look at the bottom
picture. This circle must have the same
amount shaded. (Pause) Now let's read
the question.

How many of the three equal parts should
be shaded so that the same amount will
be shaded in both circles ? The circles
are unit circles.

Item 4. Look at the top picture. There are
two triangles for ten squares. (Pause)
Look at the bottom picture. Now let's
read the question.

If there are two triangles for every ten
squares, how many triangles would there

be for these five squares ?

Item 5. Look at the circle in the top picture.
Nine of the twenty-four equal parts are
shaded. (Repeat) (Pause) Now look at
the bottom picture. This circle must have
the same amount shaded. (Pause) Now
let's read the gquestion.

How many of the eight equal parts should
be shaded so that the same amount will
be shaded in both circles ? The circles
are unit circles.

Item 6. Look at the circle in the top picture.
Two of the ten equal parts are shaded.
(Repeat) (Pause) Look at the bottom
picture. This circle must have the same
amount shaded. (Pause) Now let's read
the question.

How many of the five equal parts should
be shaded so that the same amount will
be shaded in both circles ? The circles
are unit circles.




Item 7. Look at the top picture. There are
six squares for sixteen triangles. (Repeat)
(Pause) Look at the bottom picture. Now
let's read the question.

If there are six squares for every sixteen
triangles how many squares would there
be for these eight triangles ?

Item 8. Look at the top picture. There are
six triangles for fifteen circles. (Repeat)
(Pause) Look at the bottom picture. Now
let's read the question.

If there are six triangles for every fif-
teen circles, how many triangles would
there ke for these five circles?

Item 9. Look at the top picture. There are
four triangles for ten circles. (Repeat)
(Pause) Look at the bottom picture. Now
let's read the question.

If there are four triangles for every ten
circles, how many triangles would there
be for these five circles ?

Item 10. Look at the circle in the top picture.
Six of the sixteen equal parts are shaded.
(Repeat) (Pause) Look at the bottom
picture. This circle must have the same
amount shaded. (Pause) Now let's read
the question.

How many of the eight equal parts should
be shaded so that the same amount will
be shaded in both circles ? The circles
are unit circles.

Item 11. Look at the top picture. There are
two squares for six circles. (Repeat)
(Pause) Look at the bottom picture. Now
let's read the question.

If there are two squares for every six
circles, how many squares would there
be for these three circles ?

Item 12. Look at the circle in the top picture.
Three of the nine equal parts are shaded.
(Repeat) (Pause) Look at the bottom pic-
ture. This circle must have the same
amount shaded. (Pause) Now let's read
the question.

How many of the three equal parts should

be shaded so that the same amount will
be shaded in both circles ? The circles
are unit circles.

Item 13. Look at the top picture. There are
three squares for nine circles. (Repeat)
(Pause) Look at the bottom picture. Now
let's read the question.

If there are three squares for every nine
circles, how many squares would there
be for these three circles ?

Item 14. Look at the circle in the top picture.

Three of the fifteen equal parts are shaded.
(Repeat) (Pause) Look at the bottom pic-
ture. This circle must have the same
amount shaded. (Pause) Now let's read
the question.

How many of the five equal parts should
be shaded so that the same amount will
be shaded in both circles ? The circles
are unit circles.

Item 15. Look at the top picture. There are

three triangles for fifteen squares. (Repeat)
(Pause) Look at the bottom picture. Now
let's read the question.

If there are three triangles for every fif-
teen squares, how many triangles would
there be for these five squares ?

Item 16. Look at the square in the top picture.

Six of the fifteen equal parts are shaded.
(Repeat) (Pause) Look atthe bottom
picture. This square must have the same
amount shaded. (Pause) Now let's read
the question.

How many of the five equal parts should
be shaded so that the same amount will

be shaded in both squares ? The squares
are unit squares.

Test NS, Directions

Let's read the directions at the top of the
page. In each sentence, find the number that
goes in the box. (Repeat) When you find it,
place it in the box.
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Test DP, Directions

1. Test Books (Face down). Don't turn over
your paper until I tell you to do so.

2. This is a set of exercises that we want you
to do your very best on. You may find
some exercises you cannot complete. Make
a cross on those exercises. But remember,

do your very best to complete each exercise.

3. Don't turn any pages until I tell you to do
so. Make sure to turn only one page at a
time.

Item 0. Look at the square in the top picture.
How many equal parts are there ? (Pause)
That's right, four. Two of the four equal
parts are shaded. Now look at the bottom
picture. This square must have the same
amount shaded. Now let's read the ques-
tion.

Into how many equal parts would you
have to cut this square so that if you
shade one of these equal parts, the same
amount will be shaded in both squares ?
The squares are unit squares.

You may do any work you wish on the page.
Place your answer in the blank. If you
aren't fintshed when I say turn the page,
raise your hand and I will give you more
time.

Item 1. Look at the top picture. There are
nine squares for twenty-four triangles.
(Repeat) (Pause) Look at the bottom
picture. Now let's read the question.

If there are nine squares for every
twenty-four triangles, for these three
squares there would be how many
triangles ?

Item 2, Look at the square in the top picture.
Four of the ten equal parts are shaded.
(Repeat) (Pause) Now look at the bottom
picture. This square must have the same
amount shaded. (Pause) Now let's read
the question.

Into how many equal parts would you
have to cut this square so that if you
shade two of these equal parts, the
same amount will be shaded in both
squares ? The squares are unit squares.

Item 3. Look at the circle in the top picture.
Two of the six equal parts are shaded.
(Repeat) (Pause) Now look at the bottom
picture. This circle must have the same
amount shaded. (Pause) Now let's read
the question.
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Into how many equal parts would you
have to cut this circle so that if you
shade one of these equal parts, the
same amount will be shaded in both
circles ? The circles are unit circles.

Item 4. Look at the top picture. There are
two triangles for ten squares. (Repeat)
(Pause) Look at the bottom picture. Now
let's read the question.

If there are two triangles for every ten
squares, for this one triangle there would
be how many squares ?

Ttem 5. Look at the circle in the top picture.
Nine of the twenty~four equal parts are
shaded. (Repeat) (Pause) Now look at
the bottom picture. This circle must have
the same amount shaded. (Pause) Now
let's read the question.

Into how many equal parts would you
have to cut this circle so that if you
shade three of these equal parts, the
same amount will be shaded in both
circles ? The circles are unit circles.

Item 6. Look at the circle in the top picture.
Two of the ten equal parts are shaded.
(Repeat) (Pause) Look at the bottom pic-
ture. This circle must have the same
amount shaded. (Pause) Now let's read
the question.

Into how many equal parts would you
have to cut this circle so that if you
shade one of these equal parts, the same
amount will be shaded in both circles ?
The circles are unit circles.

Item 7. Look at the top picture. There are
six squares for sixteen triangles. (Repeat)
(Pause) Look at the bottom picture. Now
let's read the question.

If there are six squares for every six-
teen triangles, for these three squares
there would be how many triangles ?

Item 8. Look at the top picture. There are
six triangles for fifteen circles. (Repeat)
(Pause) Look at the bottom picture. Now
let's read the question.

If there are six triangles for every fif-
teen circles, for these two triangles
there will be how many circles ?

Item 9. I. ok at the top picture. There are
four trn.agles for ten circles. (Repeat)
(Pause) Look at the bottom picture. Now

let's read the question.
GPO 000=022«4




1f there are four triangles for every ten
circles, for these two triangles there
would be how many circles ?

Item 10. Look at the circle in the top picture.
Six of the sixteen equal parts are shaded.
(Repeat) (Pause) Look at the bottom pic-
ture.
shaded. (Pause) Now let's read the ques-
tion.

Into how many equal parts would yocu
have to cut this circle so that if you
shade three of these equal parts, the
same amount will be shaded in both
circles ? The circles are unit circles.

Item 11. Look at the top picture. There are
two squares for six circles. (Repeat)
(Pause) Look at the bottom picture. Now
let's read the question.

If there are two squares for every six
circles, for this one square there would
be how many circles ?

Item 12. Look at the circle in the top picture.

Three of the nine equal parts are shaded.
(Repeat) (Pause) Look at the bottom pic-
ture. This circle must have the same
amount shaded. (Pause) Now let's read
the question.

Into how many equal parts would you
have to cut this circle so that if you
shade one of these equal parts, the
same amount will be shaded in both
circles ? The circles are unit circles.

Item 13. Look at the top picture. There are
three squares for nine circles. (Repeat)
(Pause) Look at the bottom picture. Now
let's read the question.

This circle must have the same amount

If there are three squares for every nine
circles, for this one square there would
be how many circles ?

Item 14. Look at the circle in the top picture.
Three of the fifteen equal parts are shaded.
(Repeat) (Pause) Look at the bottom pic-
ture. This circle must have the same
amount shaded. (Pause) Now let's read
the question.

Into how many equal parts would vou
have to cut this circle so that if you
shade one of these equal parts, the
same amount will be shaded in both
circles ? The circles are unit circles.

Item 15. Look at the top picture. There are
three triangles for fifteen squares. (Repeat)
(Pause) Look at the bottom picture. Now
let's read the question.

If there are three triangles for every
fifteen squares, for this one triangle
there would be how many squares ?

Item 16. Look at the square in the top picture.
Six of the fifteen equal parts are shaded.
(Repeat) (Pause) Let's read the question.

Into how many equal parts would you
have to cut this square so that if you
shade two of these equal parts, the same
amount will be shaded in both s¢ ..ces?
The squares are unit squares.

Test DS, Directions
Let's read the directions at the top of the
page. In each sentence, find the number that

goes in the box. (Repeat) When you find it,
place it in the box.
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APPENDIX B: RAW DATA
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